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Abstract

NOVEL approach for the application of the reflection-

type boundary conditions for a liquid with an interface
in arbitrarily shaped containers, subjected to a step frame
acceleration, is presented. The two-dimensional sloshing prob-
lem is solved numerically using a modified marker and cell
method that has been altered to accommodate the new bound-
ary conditions. Application of the method to predict the dy-
namic behavior of liquids in rectangular and cylindrical con-
tainers is also included.

Contents

The prediction of dynamic loading arising from liquid
'sloshing is crucial in many engineering applications. The linear
theories of liquid sloshing!* currently in use give sufficiently
accurate solutions for small amplitudes of liquid oscillations.
However, in the majority of real situations these solutions
become inaccurate. In this case a numerical solution based on
the Navier-Stokes, continuity, and free-surface equations with
correctly imposed boundary conditions is appropriate.

The correct application of boundary conditions for the free-
surface flow problem is a difficult task. Often the conven-
tional reflection, Abbett’s,> Viecelli’s,® and Nichols and Hirt’s’
methods are used. The reflection method is the simplest, but it
is not accurate on boundaries with high curvature. Abbett’s
and Viecelli’s methods are more accurate, but are very compli-
cated. Furthermore, these methods are applied to boundary
points lying exactly on the boundary (i.e., an irregular mesh
has to be used). The proposed method, which we call the
‘‘interpolation-reflection method,”” combines simplicity and
adequate accuracy and gives the boundary values directly on
the boundary points of a regular staggered grid for arbitrarily
shape boundaries. A brief description is presented in this
paper. For more extensive treatment the reader should consult
the accompanying paper. If the boundary grid point is lying
inside the flow domain, the boundary value is computed by
interpolation (in the direction normal to the boundary) of an
appropriate order (i.e., first or second). If the point is located
outside the flow (a fictitious grid point), then the boundary
value is also interpolated on the point that is a mirror reflec-
tion of the boundary point with respect to the wall. Following
this, the computed value is reflected to the boundary point
using odd or even symmetry for the no-slip or free-slip condi-
tion, respectively.

The derivation of the boundary V velocity for the free-
slip condition and second-order interpolation is illustrated in
Fig. 1. One can see that the line traced normal to the wall from
the boundary point B to the center of the wall carvature O
intersects the grid lines in nodes 1 and 2. The location of these
nodes depends on the angle «. For second-order interpolation
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there are four possible configurations described in the accom-
panying paper. The nodal velocities V; and V, (previously
interpolated between points 3 and 6 and 6 and 7, respectively)
are resolved into a normal and tangential components with
respect to the local n-7 coordinates. Then the boundary veloc-
ity is computed by interpolation between V; and V; for point
B’and it stands as it is, or it is further reflected to B, depend-
ing whether B’ or B is the boundary point of interest.

The normal and tangential components of nodal velocities
are

an = V1 sin o, Vn2 = VZ sin o
(6))

V= Vicosqa, Va=V,cos @

The factor m and the interpolation lengths, lying on the » axis,
are defined as follows:

oY l b 6X +1
m:—————; = — ; = _
60X tan o Ccos o cos o
)
oY 6X
c=— - ;l=Rcosa—A
sino  Ccos «

Applying Newton’s interpolation for unequally distributed
nodes and performing the reflection of the ¥ velocity compo-
nents to point B as V,;, = V;} and V,,, = — V,}, we obtain

Vap = (Enin Vi) sin o 3)

where the weighting coefficients »;, accounting for the local
velocities contribution, are listed in the accompanying paper.
Furthermore, the boundary velocity ¥V}, seen as the projection
of the total velocity vector V;, on the Y axis, can be found
using the following expressions:

Vip = (En:Vi) cos o

Ve =NVE+ V3, B=@/D+a—v @)

Vy =V cOs a;
which together with Eq. (3) give

Vy = (I V) cos? a— (L0, Vi) sin? o; a=arctan B/A (5)
For the U boundary velocity, the formula (5) is slightly
changed, i.e.,

Uy = (i V3) sin? a — (Eni Vi) cos? o 6)
Thus, Egs. (5) and (6) give explicitly the boundary velocities
on the fictitious grid points for free-slip condition and second-
order interpolation. If the boundary points are lying inside the
flow, then no reflection is required, and the weighting coeffi-
cients for the tangential velocity are to be used for calculations
of boundary velocities, i.e.,

Vb = Eni‘rVi; Ub = Eni‘r(Ji (7)

Consider now the no-slip boundary condition. Tt is easy to
show that, in the case of fictitious grid points, the angle 8
between the total vector velocity V, and the Y axis equals zero
(i.e., Vi = V). Therefore,

Up = XU

Ve = XninVis ®
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For points located inside the flow, expressions (7) have to be
used. Equations (5-8) stand for any order of interpolation;
however, the weighting coefficients have to be changed. For
the first order the coefficients are given in the accompanying
paper.

At the free surface, the free-slip condition for both the
normal and the tangential velocity components must be ap-
plied [i.e., Eqgs. (7)]. Angle «, which in this case represents the
positive and negative slopes of the free surface, is redefined as

1)
o = arctan ——— ; = arctan ——— 9
H;_, - H; “ Cta.Hi+1*Hi ®
where i is referred to the liquid height at the boundary point.
Note that the free surface is approximated by a straight line
between each pair of the mesh columns.

A series of numerical and physical (in the rectangular Plex-
iglas tank of size 0.8 X 0.3 x 0.57 m) experiments were carried
out to validate the novel boundary conditions formulation.
The main conclusions of this experimentation are briefly sum-
marized in the following:

1) The best results are obtained using second-order interpo-
lated-reflected boundary values with no-slip condition at the
rigid boundary and free-slip condition at the free boundary.

2) The free-slip and no-slip conditions are more appropri-
ate for Reynolds numbers (Re) = 10°. For smaller Re the
no-slip condition formulation is more accurate.

3) The second-order interpolation is generally more accu-
rate by comparison than the first order. However, in the
regions between the wall and free surface, where the liquid
forms sharp edges (typically resolved by one cell), the second-
order formulation may fail. In this case grid refinement is
recommended. L

The previously described boundary conditions formulation
was applied to the sloshing problem in rectangular and cylin-
drical circular containers subjected to a step input horizontal
acceleration. The numerical solutions have been obtained in
terms of amplitudes and frequencies of the main parameters,
such as heights of the free surface, forces, and overturning
moments on the container. The natural damped frequencies
were normalized as

K=0/Vg(l + GH)"/L, 10)

where G, = g,/g is the dimensionless horizontal acceleration,
Q is the circular frequency, and L, is the characteristic length
(diameter for a circular container). The marker and cell method
developed by Hirt et al.? was modified to accommodate the
new boundary condition and to maintain the conservation of
the liquid mass. In fact, the first-order interpolation-reflection
no-slip boundary conditions were applied at the rigid wall and
zero order free-slip condition at the free surface. For rectangu-
lar containers an 18 X 10 grid, full upstream differencing, and
0.02-s time increments were employed. Computational stabil-
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Fig. 1 Derivation of the ¥ boundary velocity for the free-slip con-
dition.
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Fig. 2 Dynamic coefficients of the force and moment as functions of
the container height.

[ I I 1 [ t | [ [
l Linear theory

in
T
\
\
u
X -
2
3
5
£ 3
4
o'
I~ a2
g
N Y N SO IS W

0.2 04 06 08 10 12 14 1.6 1.8 20 N

Fig.3 Normalized damped natural frequency of fluid oscillation in
rectangular containers.

ity was ensured by the proper choice of the time and space
increments, as suggested in Ref. 8.

Sample results (full parametric studies can be found in
Ref. 9) for rectangular containers are shown in Figs. 2 and 3.
The dynamic coefficients of the horizontal force and moment,
representing the ratios of the dynamic peak values to the
corresponding steady-state values, are plotted against the non-
dimensional container height # for a fixed fill level f = 0.7,
and G, =0.3. It is seen that the most intense sloshing, with
respect to the overturning moment, occurs in a square con-
tainer, 2 = 1, whereas the peak of the dynamic coefficient of
the force falls to small values of the container height. The
computed first mode damped frequency (see Fig. 3) is 5-7%
lower than the frequency given by the linear theory, except for
containers of low height, where the first mode vibration is
strongly affected by the action of the horizontal top wall of
the tank.
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